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(a) Original program

Tranfer functions

by(m, n) =b,(m, 0, n)

b,(m, i, n)=(i<n)?by(m,i, n):b,(m,i)

b,(m, i) = ret(m, i)

bs(m, i, n) = b,(upd(m, &a +i, (sel(m, &g) *i+ 3),i+ 1, n)

b,(m, [BP - 4]) = ([BP - 4] > 0) ? bg(m, [BP - 4], 0) : b,(m, 0)
b.(m, ry) = ret(m, r,)

be(m, [BP - 4], ry) = b,(m, [BP - 4], r, [BP - 8], 3)

b, (

!
A

ba

'J“O-_D
[BP —4] > 0

.
be

BP — 8] — [&g]

ro «— 3

[&a + ro] «— ro

ro — T + 1

ro < r9 + [BP — 8]
ro < [BP — 4]

(b) Transformed program

,(m, [BP - 4], [BP - 8], ry, 1,) = (r, + 1 <[BP -4]) ? b,(upd(m, a+ry, r,), r, + 1, r, + [BP - 8]) : bo(upd(m, a+r,, r,), ry)

Infer

Done =0
Todo =Db,, b,

Done =Db,, b,
Todo=0

Scan(b,(m®4, n®%), (1, b,(m®*, [BP - 41°4), 1)
Scan(b,(m®*, 0, n®%), [.(iI"* = 0), b,(m°", [BP - 4]°)
C=CU{0<n=[BP-4] >0}

MarkRelated(b,(m®*, 0, n%*), bs(m®*, [BP - 4]°4, 0))
C = C U (by(m®*, 0, n°*) = be(m®*, [BP - 4]°4, 0))

Todo += b, by
MarkRelated(b,(m®*, 0), b,(m®*, 0))

C = C U (b,(m°*, 0) = by(m®*, 0))

Todo +=b,, b,

Done = (b,, b,)
Todo = (b, by), (b;, be)
Done = (b, b,), (b, bs)
Todo = (b,, by)

Scan(b,(m?°, i2%), 1, by,(m?5, r,2%), [)
C=CU ([ =r29)




Done = (b(), b4)’ (b2’ b5)

Todo = (b, by)

Done = (bO’ b4)’ (bza b5)’ (b3’ b6)
Todo =0

Scan(by(m3?, i*8, n®f), [, by(m3P, r 28, [BP - 41%°), 1)
Scan(b,(upd(m®?, &a+i*?, (sel(m°, &g>°) * i*° + 3), i*° + 1, n3®), (1, by(m**, r,>®, [BP - 4]*°), 1)
Scan(b,(upd(m®?, &a+i*®, (sel(m*®, &g®°) * i*° + 3), i*° + 1, n®%), 11, b,(M*?, r,*°, [BP - 41*¢,[BP-8], 3), 1)

C = C U {(i*®+1 < n®® =, *°+1 < [BP-4]*°)}

MarkRelated(b,(upd(m?®, &a+i*®, (sel(m®°, &g*°) * i*® + 3), i*®, n>®), b (upd(m>?, a+r,>®, 3), r,>®, [BP - 4]*°, [BP-8], 3))
C = C U (by(upd(m?®, &a+i®®, (sel(m?®, &g®°) * %6 + 3), i*6, n®9) = b, (upd(m®®, a+r,>, 3), r, %, [BP - 4]°%,[BP-8], 3))
Todo +=Db,, b,

MarkRelated(b,(upd(m?®®, &a+i*°, (sel(m®®, &g®) * i*® + 3), i*®), b (upd(m>®, a+r,>®, 3), r,>°))
C = C U (by(upd(m®®, &a+i*?, (sel(m®®, &g>°) * i*® + 3), i*%) = b(upd(m>?, a+r ¢, 3), r,>°))

Done = (b01 b4)’ (b2! b5)’ (b3’ bG)

Todo =b,, b,
Done = (bO’ b4), (bza b5)’ (b3’ b6)1 (b3’ b7)
Todo=0

Scan(b3(m3,7, i3’7, n3,7), D, b7(m3'7, [BP . 4]3,7, [BP _ 8]3'7, r.03,7, I,23,7), D)
Scan(b,(upd(m®7, &a+i®7, (sel(m®’, &g®") * i*7 + 3), ¥+ 1, n®7), [, b,(m*7, [BP - 4]*7, [BP - 817, r,3", 1,%7), 1)
C=CU(*+1<n* =1’ +1<[BP-4*)
MarkRelated(b,(upd(m®7, &a+i*7, (sel(m®7, &g>7) * i*” + 3), i*7+1, n37),b,(upd(m®’, &a+r*", r,>7), r,®” + 1, r,3” + [BP - 8]*7))
C = C U (by(upd(m®’, 8a+i*7, (sel(m®”, 8g>) * 7 +3), 7 + 1, n®7) = b (upd(m®7, &a+ry®, 1,*7), 157 + 1, 1,7 + [BP - 8"7))
MarkRelated(b,(upd(m®’, &a+i*7, (sel(m*’, &g*) * i** + 3), i*"+1), by(upd(m*’, &a+r,>’, r,>’), r,>" + 1))
C =C U (b,(upd(m*’, &a+i®’, (sel(m®’, &g>") * i*" + 3), i*’+1) = by(upd(m*’, &a+r,>’, r,*7), r,>" + 1))

Done = (b, b,), (b, bg), (s, bg), (bs, b,)

Todo=0
done!
Constraints
1. [BP-4]=n
2. [BP-8]=2&g
3. 0<n%=[BP-4">0
4. by(m®*, 0, n®*) = by(m®*, [BP - 4]°%, 0)
5. b2(m°*4, 0) = b5(m°'4, 0)
6. i2,5 - r.02,5
7. i3,6+1 < n3,6 - rO 3,6+1 < [BP_4]3,6
8. b,(upd(m®®, &a+i*, (sel(m3®, &g>®) * i*° + 3), i*%, n®%) = b_(upd(m®®, a+r 3, 3), r,%®, [BP - 4]*¢, [BP-8], 3)

9. b,(upd(m*®, &a+i*®, (sel(m*®, &g*°) * i*° + 3), i*®) = by(upd(m®®, a+r*°, 3), r,*°)

10. 28 = %

11. upd(m®®, &a+i*%, (sel(m®®, &g>®) * i*® + 3) = upd(m®®, a+r,*%, 3)

12.°%7+1<n* =r> + 1 <[BP - 4P7

13. by(upd(m®’, &a+i*’, (sel(m®’, &g>") * i*” + 3), i*" + 1, n®’) = b, (upd(m®7, &a+r,>", r,>"), r,®>" + 1,1, + [BP - 8]*7)
14. b,(upd(m®’, &a+i*’, (sel(m®’, &g>") * i*” + 3), i*"+1) = b (upd(m®’, &a+ry>’, r,>"), r,>" + 1)

15, 3741 = 13741 => 27 = 137

16 Upd(m3'7, &a+i3’7, (Sel(m3'7, &93,7) * i3,7 + 3) - Upd(m3’7, &a+r03,7’ r23,7)

10 and 11 come from 9
15 and 16 come from 14

Solve



Substitute [BP-4] to n and [BP - 8] to &g and r,>°to i*°, i*° to r,>° & r,*"to i*”in all equations except 1, 2, 6, 10 & 15 respt.

1.
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9.

10.

11.
12.
13.

14.
15.
16.

[BP-4]=n
[BP - 8] = &g
O < n0,4 = n0,4 > O
b3(m°*4, 0, n0,4) - be(m°’4, n0,4, 0)
b,(m®%, 0) = bg(m**, 0)
i2,5 - r.02,5
b,(upd(m?®, &a+i*®, (sel(m*®°, &g*°) * i*® + 3), i*°, n>®) = b,(upd(M®®, a+r*?, 3), r,*%, n®° &g, 3)
b,(upd(m?®, &a+i*®, (sel(m*®, &g*°) * i*® + 3), i*°) = b (upd(m?®, a+r,>°, 3), r,>®)
{36 = 36
0
upd(m?®, &a+i*?, (sel(m*®, &g>°) * i*® + 3) = upd(m®®, a+i*®, 3)
i3,7 + 1 < n3,7 = i3,7 + 1 < n3,7
b,(upd(m*7, &a+i*, (sel(m®’, &g*7) * i*¥” + 3), i*” + 1, n*") = b (upd(m?®’, &a+r,>7, r,>"), r,®" + 1, r,>" + &3*7)
b,(upd(m®7, &a+i*7, (sel(m®7, 8G") * 7 + 3), 7+1) = by(upd(m®”, &atr,®”, 1,7, 17 +1)
i3,7+1 - r03,7+1 => i3,7 - r.03,7

upd(m®’, &a+i®’, (sel(m®’, &g*’) * i*’ + 3) = upd(m®’, &a+i*’, r,>")

After substitution, most of them are now tautology.

Solving memory equivalence eq. 10 and 14

upd(m®?, &a+i*?, (sel(m®®, &g>°) * i*® + 3) = b (upd(m?®®, &a+i*?, 3)
since &a+i*® == &a+i*®

Therefore (sel(m*®, &g>°) * i€ +3 =3

=> i*®should be 0

Upd(m®7, &ai®7, (sel(m®”, ™) * £ + 3) = upd(m®”, &ai®7, )
(sel(m37, &g®7) * 37 + 3 =137

That is: [&g>"] *i*" + 3 =r1,>7

Simulation Relation

0 4 [BP-4]=n from 1
2 5 i=r, from 6
3 6 i=r, from 8
i=0 from mem eq
[BP-4]=n from 6 and above
3 7 i=r, from 15
[BP-4]=n
[BP - 8] = &g
[&g] *i+3 =T, from mem eqn




